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 In this paper, a comparative evaluation of two modelling tools for switching 
AC-AC power converters is presented. Both of them are based on average 
modelling techniques. The first approach is based on the circuit averaging 
technique and consists in the topological manipulations, applied to a 
converter states. The second approach makes use of a state-space averaged 
model of the converter and is based on analytical manipulations using the 
different state representations of a converter. The two modelling techniques 
are applied to a same AC-AC called matrix-reactance frequency converter 
based on buck-boost topology. These techniques are compared on the basis 
of their rapidity, quantity of calculations and transformations and its 
limitations. 
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1. INTRODUCTION  

Modelling a power electronic converter is a complex issue due to the fact of digital control 
complexity and high number of power converter components. Furthermore, given the increasing number of 
different modulation strategies, it is necessary to study their impact in converter operation. In order to 
achieve their goal power converters must be appropriately modelled in simulation or analytical studies. 
Hence it is necessary to create simple models. The problem has been largely studied and a wide variety of 
models have been proposed [1]-[6]. However, the use of those models and their simulation in a computer still 
requires a large amount of resources and circuit simplification and mathematical transformations. In this 
paper, a comparative evaluation of two modelling approach of complex direct AC-AC frequency converters 
is presented. The presented modelling methods are based on circuit averaging technique [1], [5] and state-
space averaged model [5]. 

The change of frequency in AC voltage is now one of the important functions of solid state power 
converters. The most desirable features of frequency converters include the possibility of generating load 
voltages with arbitrary amplitude and generating sinusoidal source and load currents and voltage waveforms, 
the possibility of providing unity power factor for any load, and finally, their construction using a simple and 
compact power circuit. The past few years have witnessed remarkable progress in research into direct power 
AC–AC frequency converters without a DC energy storage element. Many exciting applications have been 
developed [7]-[12]. The most common is the matrix converter (MC) topology [7]. Another group of AC–AC 
frequency converters with a buck–boost voltage transformation possibility and without DC energy storage is 
proposed in [10]-[12], and are known as matrix-reactance frequency converters (MRFC). The expected 
benefit of these converters is the voltage transfer ratio which is much greater than one and depends on 
reactive elements [12]. 
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The analysis and modelling of MRFC presents significant challenges, due to their discontinuous 
switching behavior and the increasing number of different modulation strategies [13]. It is necessary to study 
the modulation process impact in converter operation.  

The main aim of this paper is to present two mathematical models of the selected topologies of 
MRFCs with simple Venturini modulation [13]. The results of the study and mathematical analysis presented 
in this paper are based on the previously presented results presented in [14]-[16]. One well-known approach 
to the modelling of power converters is to approximate their operation using averaging techniques [1]. The 
generalized averaging method is based on the fact that the waveforms can be approximated using a defined 
time interval, which is determined by a switching sequence period TSeq. Initially, the average method was 
widely used for DC–DC converter modelling [1]. Then it was applied to other types of converters: [2]-[6]. As 
a main achievement of the paper is to show the differences in the results of two analyzed modelling methods, 
which are summarized in the section 4. 
 
 
2. DESCRIPTION OF THE ANALYZED MATRIX-REACTANCE FREQUENCY CONVERTER 

The family of MCRFCs contains 9 topologies - two topologies based on buck-boost, Ćuk, SEPIC 
and Zeta topologies and one based on the boost topology [10], [12]. First an MRFC based on buck-boost 
topology (MRFC-I-buck-boost), shown in Fig. 1, will be analyzed [10]. The descriptions, in general form, of 
the control strategy of the discussed MRFCs is shown in Figure 2 [12]. Each sequence period is divided into 
two parts tS and tL. Time tS is related to matrix connected switch sets operations. In each switching cycle TSeq, 
in the interval tS, the matrix connected switch sets are in the process of switching with selected switching 
modulation, while the load synchronous connected switch sets are turned-off. The voltages ua, ub, uc are 
formed by setting the requested output frequency fL, with sequential piecewise sections of the input voltage 
waveforms uA, uB, uC. At the same time the electrical energy is stored in the inductor LS1, LS2, LS3. In contrast, 
in the time period tL all of the matrix connected switch sets (MCS) are turned-off and the load synchronous 
connected switch sets are turned-on. The energy stored in source inductors LS1, LS2, LS3 is transferred to the 
load capacitor CL1, CL2, CL3. In this way, we obtain the possibility of increasing the output voltage. The duty 
factors of load switches depend on the expected output voltages. 

 
 

 
 

Figure 1. Topology of matrix-reactance frequency converter based on buck–boost topology  
(MRFC-I-buck-boost) [10], [12] 

 
 

 
 

Figure 2. General form of the control strategy 
 
 

The state of the converter switches can be represented by means of the so-called transfer matrix T 
(1), (2). The matrix T is defined by using modulation strategy of matrix connected switch sets, and describes 
the low frequency input to output current and voltages relationships [12]. 
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Where: sjK -switch state function, j = {a, b, c}, K = {A, B, C} –names of input and output phases. The MCS 
work with a high switching frequency. A low frequency load voltage of variable amplitude and frequency 
can be generated by modulating the duty cycle of the switches using their respective switching functions sjK. 
A modulation duty cycle should be defined for each switch in order to determine the average behaviour of the 
MCS output voltage waveform [12], [13]. The modulation duty cycle is defined by: 
 

 
Seq
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t
td                                                                              (3) 

 
Where tjK represents the time when switch SjK is turned on and TSeq represents the time of the complete 
sequence in the PWM pattern, and 0 < djK < 1. Based on the switch duty-ratios, the averaged output voltages 
and the averaged input currents can be related to the input voltages and the output currents, respectively, as: 
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The classical Venturini control strategy is taking into consideration with low frequency transfer 

matrix described by (5) [13]. Taking into account limited switching time tS of MCS, the modulation duty 
cycles djK for MRFC-I-buck-boost are defined by (6) and (7) [12]. Exemplary time waveforms of the control 
signals, illustrating operation of the discussed MRFC is shown in Figure 3. 

 
 

 
 

Figure 3. Exemplary time waveforms of the control signals in MRFC-I-buck-boost for switches in one phase 
 

3/))3/4cos(21(

3/))3/2cos(21(

3/))cos(21(











tqDddd

tqDddd

tqDddd

mScBbAaC

mSbCcAaB

mScCbBaA

,                              (6) 

 

 
Seq

S
S T

t
D  ,                                                                   (7) 

t

t

t

t

t

SjA

SjB

SjC

SL

1 ur

d j A  

d j A + d j B  

tLtS

TSeq

d j A + d j B + d j C  



IJPEDS  ISSN: 2088-8694  
 

A Comparison Between Two Average Modelling Techniques of AC-AC Power Converters (Paweł Szcześniak) 

35

Where:   Lm , ω, ωL – pulsation of the supply and load voltages respectively, DS –sequence pulse 

duty factor, q– voltage gain (0≤q≤0.5). 
The matrix M(t) is known as the modulation matrix or low-frequency transfer matrix. Based on 

these relationships in (4) and (5), a matrix converter on a switching-cycle averaged basis can be represented 
by nine ideal transformers with varying turn-ratios, as shown in Figure 4(a), whereas output switches can be 
represented by ideal transformers with turn-ratios equal 1-DS, as shown in Figure 4(b) [12]. 

 
 

 
(a) 

 
(b) 

 
Figure 4. Averaged-switching-cycle representation: a) matrix connected switches (MCS), b) load switches 

 
 

3. AVERAGE MODELLING TECHNIQUES 
Average modelling techniques are based principally on replacing all currents and voltages of the 

system by their mean value over a switching period and ignoring thus their high frequency components. The 
local average of function d(t) is defined as follows [4]: 
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Where d(t) is the continuous duty factor. For the next sequence periods TSeq becomes d(kTSeq)=dk(t), where 
dk(t) is the actual duty factor in the k-th cycle. If function d(t) is periodic with period TSeq, then d(t)=D where 
D is the steady-state duty ratio [4].  

There are among others two presented in this paper strategies used for the derivation of the averaged 
model: circuit average technique and state-space averaging technique. 
 
3.1. Circuit Averaging Technique 

Sinusoidal time-varying systems can be changed to time-invariant system by the dq0 transformation 
[2], [14]-[18]. The dq0 transformation of the variables is given as follows: 
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Where: xabc=[xa, xb, xc]

T, xdq0=[xq, xd, x0]T, xd- forward (rotating) phasor, xq- backward (rotating) phasor, x0- 
zero-sequence component [2], 
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Where: KS and KL are the dq0 transformation matrices defined for pulsation of the supply and load voltages, 
ω and ωL respectively [14], [16]. 

The circuit dq0 transformation is obtained by the following procedures [14]: 
a) Partition of the averaged circuit model into basic subcircuits. 
b) Transformation of each of the subcircuits into dq0 equivalent circuits based on the dq0 

transformation equations. 
 

3.1.1. Partition of the Circuit into Basic Subcircuits 
We can divide the averaged circuit model of the presented MRFC into several fundamental 

subcircuits along the dotted lines indicated in Figure 5. After partitioning, we obtain eight basic subcircuits. 
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Figure 5. Averaged circuit model of the considered MRFC 
 
 

3.1.2. Transformation of Basic Subcircuits into dq0 Equivalent Circuits 
For a three-phase balanced voltage source set (Part 1), the procedure is as follows [2]-[3], [14]: 
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Where uS is the vector of the voltage sources. Thus, the dq0 transformed circuits of the voltage source set is 
shown in Fig. 6a. Using basic principles from circuit theory, the source inductors (Part 2) are modelled by 
Equation (14) [2], [14]: 
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Where LF1=LF2=LF3=LF. Application of (9) to (14) yields: 
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Finally, the dq0 transform of source inductors can be formulated as: 
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And the circuit models are shown in Figure 6(b). The dq0 “inductor” is represented by real dynamic inductor 
LF in series with an imaginary static reactor ±jωLF. Since the voltage and current of the static reactor obeys 
Ohm’s law, the reactor is replaced by a lossless resistor symbol [2].  

Similar, equations and circuit models apply to the load inductor set (Part 5): 
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Where LL1=LL2=LL3=LL. From expression (9), (12), and (17) obtain: 
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Figure 6(c) illustrates the dq0 components of load inductors. For the source capacitors circuit (Part 3), the 
differential equations are in the following form [2], [14]: 
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Where CF1 =CF2 =CF3 =CF. Taking into account expressions (9), (11) and (19), the dq0 transform of source 
capacitors is defined as follows: 
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For the load capacitors circuit (Part 7), the dq0 transform is defined as follows: 
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The dq0 transformed circuit of source and load capacitor sets are shown in Figure 6(d) and 

Figure 6(e), respectively. Similar as with inductors, the dq0 “capacitors” are represented by real dynamic 
capacitors CF and CL in parallel with imaginary static reactors ±1/(jωCF), and ±1/(jωLCL) [2]. If the switching 
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function of the matrix switches is defined by (4)-(7) then the dq0 transformation of the MCS (Part 4) is given 
in (24) [2], [14]. The dq0 transformed circuit of matrix switches set is shown in Figure 6(f). 
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Figure 6. The dq0 transformation of: a) voltage sources, b) source inductors, c) load inductors, d) source 

capacitors, e) load capacitors, f) matrix switches, g) load switches, h) load resistors 
 
 
If the switching function of the load switches (Part 6) is defined as: 
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Then the dq0 transform is described as follows (Figure 6(g)): 
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Assuming that, RL1=RL2=RL3=RL, the procedure of dq0 transform of the resistor set (Part 8) is as 

follows (Figure 6(h)): 
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3.1.3. Circuit Reconstruction 

The equivalent dq0 circuit models of the presented MRFC (Figure 1) are obtained as shown in 
Figure 7 by rejoining of the dq0 transformed subcircuits. Therefore, the three-phase circuit in Figure 1 can be 
represented by three single-phase subcircuits for forward, backward and zero-sequence components. 
Furthermore, assuming that the initial phase of input voltages equals zero φ1=0 and that the circuit is 
symmetrical and balanced, we obtain [2]: 
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Figure 7. The dq0 transformation of three phase MRFC-I-buck-boost (Figure 1): a) forward sequence 
component, b) backward sequence component, c) zero-sequence component 

 
 

The equivalent circuits have been simplified from three circuits to one circuit, which is shown in Figure 8.  
 
3.1.4. Steady State Analysis 

There are several analytical methods of analysis averaged models from Figure 8. One of them is a 
four terminal network theory [17], to steady state circuit analysis. Then, the steady state model is obtained 
simply by eliminating the reactive elements. Fig.ure 9 shows the steady state model, where all inductors seem 
to be short and all capacitors open. The steady state characteristics can be obtained by considering the circuit 
model of the presented MRFC. 
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3.2. State-space Averaging Technique 

The general form of the average state space equations is described by following set of equations 
[12], [15], [16], [18]: 

 

     dd
dt

d
BxA

x
 ,                                                           (29) 

 
where: x  is the vector of the averaged state variables, A(d) and B(d) are the averaged state matrix and 
averaged input matrix respectively, d is the continuous duty factor defined by (8). The state-space averaging 
method is based on analytical manipulations using the different converter state representations [12], [15], 
[17]. The average state space method applied to the matrix-reactance frequency converter in Fig. 1, is 
illustrated in Figure 10 by block diagram [12]: 
 
 

 
 

Figure 10. Diagrammatic representation of the state space averaging method for MRFCs 
 
 

This modelling technique consists in determining, firstly, the linear state model for each possible 
configuration of the circuit and, then, to combine all these elementary models into a single and unified one 
through a dk duty factor. The inputs for the modelling algorithm are all elementary subcircuits for allowed 
switch state combinations (Figure 10). In all topologies of MRFCs, 28 switch states can be used. Then there 
are defined differential equations for each of the 28 switch configurations [12]: 

 

   tt
dt

d
kk BxA

x
 ,                                                                  (30) 

 
Where: x are the vectors of the state variables; Ak(t) and Bk(t) are the state matrix and input matrix for k-th 
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switch configuration respectively. The average state space equations for a MRFC can be represented by the 
following equation [15], [18]: 
 

   tdtd
dt

d
,, BxA

x
 ,                                                                 (31) 

 

and 



28

1

1
k
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


28

1

,,
k

kk tddtd AA ,    



28

1

,,
k

kk tddtd BB . 

The weight coefficient dk is the degree of occurrence of all the possible configurations, and depends 
on the switch control strategy. Not all 28 switch configurations occur in each switch sequence period TSeq. 
Equation (31) define the general form of the mathematical average state space model for MRFCs for various 
control strategies [18], [19].  

The mathematical model, of the analysed MRFC (Figure 1), described by the matrix differential 
equation (31) for Venturini control strategy (4)-(7) is defined as (32) [15]. The model defined by equation 
(32) is time-varying model in state-space form, because the pulse duty factors dk for MRFCs is a time 
variable [12]. A reduced time-invariant model of the MRFC can be found by expressing Equation (32) in the 
d-q rotating frame using the two frequency transformation matrix (9)-(12) [15], [16]. Then, we obtain 
stationary time-invariant set Equation (33). A detailed matrix description for equations (33) are presented in 
reference [12]. 
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BAX
X

 0

0

dq

dq

dt

d
,                                                                  (33) 

 
The solution of the Equation (33) is described by (34) [12], [15], [16]: 
 

   BIKAYKx AA   t

dq

t e0e 1

0 ,                                                      (34) 

 
Where: Yqd0(0)–vector of the initial values of transformed variables, I–unit matrix. The steady-state values of 
the averaged state variables from (34) are described by (35) [12], [15], [16]. 
 

 BKAx 1 .                                                                           (35) 
 

The steady state characteristic of the MRFC topology given in Figure 1 can be analyzed with the help of the 
solution of average differential Equation (35) [12]. 
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4. VALIDATION OF AVERAGE MODELS 
Validation of the obtained model is presented in this section for the parameters summarized in 

Table 1. Investigations that show the properties of the described MRFC were carried out on a system 
consisting of a resistance load and the idealized power stage elements.  

Using the both obtained models the steady state characteristics and time waveforms are obtained. 
The results obtained from models based on circuit averaging technique (32)-(34) and models based on state-
space averaging technique (35) are the same, and are shown in Figure 11 and Figure 12, [12], [14], [15]. 
Those figures shown steady state characteristics of the voltage gain (Figure 11) and input power factor 
(Figure 12) as functions of load voltage setting frequency and sequence pulse duty factor DS. 
 
 

Table 1. Calculation test circuit parameters 
Parameter Symbol Value 
Supply voltage US / f 230 V/ 50 Hz 
Inductances LF and LL 1.5 mH 
Capacitances CF and CL 10 μF 

 
 

 
 

 

Figure 11.  The static characteristics of MRFCs 
voltage gain as a function of the sequence duty factor 

DS for different setting frequencies of the load 
voltage 

Figure 12. The static characteristics of MRFCs input 
power factor as a function of the sequence duty 

factor DS for different setting frequencies of the load 
voltage 

 
 
4. COMPARISON OF PRESENTED MODELLING TECHNIQUES 

 
Table 2. Comparison of the modelling technique 

Properties Circuit averaging technique State-space averaging technique 
Direct analysis of the circuit scheme No Yes 
Equivalent schemes required Not required 
Number of circuit transforming High  Not required 
dq0 transformation required required 
Number of mathematical transformations High Medium 
The complexity of the mathematical tools Low High 
Steady state analysis Yes Yes 
Transient state analysis Yes, with additional model conversion1 Yes, directly 
Solution in the form of transmittance Yes No 
Solution in the time domain Yes Yes 
Transparency of results easy to analyze difficult to analyze 
The complexity of the modelling process High Low 
1The transient state analysis with circuit averaging technique are not showed in this paper.  
The examples transient state modelling are presented in reference [12] 

 
 
Both modelling techniques have been compared. The results are listed in Table 2. The determination 

of mathematical averaged state-space models of MRFCs in the presented way is a simple task, which requires 
only a mathematical transformation without any circuit transformation [15]-[16], [18]. In contrast, the 
modelling technique based on circuit averaging technique, requires a large number of simple mathematical 
transformation, and main circuit transformation to equivalent circuit [14]. However, as a result of the 
modelling using circuit averaging technique, we obtain the results in the form of relatively simple 
transmittance H(s), while for the state-space averaging technique we obtain results in the complex form of 
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the time relationship of voltage or current signals – i(t) or u(t). Results in the form of transmittance H(s), 
from a practical point of view, they are easier to analyze and have many practical implications. However, to 
obtain results in the form of transmittance H(s) requires a much larger number of circuit and mathematical 
transformations (Table 2). The time domain equations obtained for state-space averaging technique are 
difficult to direct analysis and they are used only to graphically demonstrate the properties of a analysed 
circuit. On the basis of the time waveforms is possibility to obtained indirectly a static characteristics as is 
shown in Figure 11 and 12. 

Both modelling approach can be used to modelling of direct frecuency converters with different 
number of intput/output phases [20] and different loads [19], [21] 
 
 
5. CONCLUSION 

This paper presents a comparative study of two modelling techniques commonly used for modelling 
of AC-AC frequency converters. Presented techniques are applied to a AC-AC frequency converter called 
matrix-reactance frequency converter based on buck-boost topology. The first modulation is based on circuit 
averaging technique, whereas the second on state-space averaging technique. The obtained models are a key 
tool in the study of low frequency properties, loadability margins, and control algorithm behavior in 
presented novel converter, which are presented in previously work [12], [14], [15], [18]. As a main 
achievement of the paper is to show the differences in the results of two analyzed modelling methods. 

The modelling approach based on the averaged state space method presented in this paper is 
relatively simple and requires only a small number of mathematical transformations. The averaged set 
equation is obtained directly from the three-phase schematic circuit, taking into account the sequences of 
switching patterns and modulation strategies (e.g. Venturini). The difficulty in this description stems from the 
quite complicated analytic solutions. However, the dynamic development of computer systems and 
mathematical software contribute to the formation of many advanced tools which bring new perspectives to 
the solution of mathematical problems in the symbolic and numerical approach. 

The modelling approach based on the circuit averaging technique is relatively complex and requires 
a high number of simple mathematical transformations and circuit transformation to single phase equivalent 
model. However, the obtained results are in the form of relatively simple transmission H(s) which have many 
practical implications. 
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