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Article history: The continuous model of the linear induction motor (LIM) has been made considering
. the edge effects and the attraction force. Taking the attraction force into account is im-
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portant when considering dynamic analysis when the motor operates under mechanical
load. A laboratory prototype has been implemented from which the parameters of the
equivalent LIM circuit have been obtained. The discrete model has been developed
to quickly obtain computational solutions and to analyze non-linear behaviors through
Keywords: the application of discrete control systems. In order to obtain the discrete model of the
. . LIM we have started from the solution of the continuous model. To develop the model,
antlnuous time model the magnetizing inductance has been considered, which reflects the edge effects. In the
Discrete control systems results, the model is compared without considering the edge effects or the attraction
Discrete time model force with the proposed model.
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1. INTRODUCTION

The linear induction motor (LIM) was invented and patented more than a hundred years ago being
impractical due to the difficulties in its construction by not being able to have small air space without roughness
in addition to not being able to achieve good efficiency factors. Nowadays, technological advances have allowed
the LIM to have greater importance, extending its use to important industrial and research applications [1-7].
Linear induction motors are three-phase AC devices that work by the general principles of electromechanical
energy transformation like other induction motors and are constructed for to produce movement on a straight
line. Although are named “Linear” the mathematical models are nonlinear and due to symmetrical missing in
their construction is necessary to consider effects that not are present in the rotary electric machines.

When the topology of a machine is modified, which is the case of the LIM with the RIM (ro-
tary induction machine), the design and operating conditions are also modified. Specifically, different phe-
nomena appear in the magnetic circuit that must be re-modelled. This leads to the development of new
theories [1, 2, 4].
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When it is required to generate a linear movement from RIM, the use of mechanical elements is
necessary, this can be avoided with the use of LIM. In addition to eliminating the use of mechanical elements,
the latter have the advantages of high acceleration and deceleration capacity, use in levitation systems by
normal magnetic forces, lower maintenance costs, low noise, possibility of use in systems with curves and
slopes, braking that does not depend on the system conditions, among others [8-12].

There is little work on sampling LIM dynamics; therefore, it is of great importance to investigate an
accurate representation of the sampled data of the complete dynamics of linear induction motors, and to design
slide controllers at discrete time [7, 13]. With respect to the non-linear models of control strategies applied to
LIMs, an in-depth review is made of in [7, 14, 15], also in the terms of the mathematical model. The physical
model of the LIM has been developed to model the figure system as shown in Figure 1. The construction
aspects of the LIM have been fully developed in [7, 16]. The organization of the document is as follows.
Section 2 develops the modelling of the linear induction motor taking into account the effects of edges and
forces in the equivalent circuit which is then discretized for comparison with the continuous model. Section
three implements the whole system and compares the results to conclude with the conclusions of the work.
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Figure 1. Physical system implemented to obtain the linear induction motor (LIM) model parameters

2. LIM MODEL CONSIDERING ATTRACTION FORCE AND END-EFFECTS

Based on the d — ¢ theory, the LIM model has been made with its equivalent circuit starting from
[date13]. It is taken into account that the ¢ axis of the linear induction motor is equivalent to the rotary motor
so the parameters are invariable. However, if the currents of the d axis are analyzed, they affect the flow of the
air gap causing a decrease in \g4,.. Thus the equivalent circuit of the rotary motor in the d axis is not applicable
to the linear motor if the edge effects are taken into account.

In rotary motors, the edge effects are not appreciable, which is the case with linear motors.
Furthermore, these effects increase as the motor speed increases, which leads to an analysis of these effects
as a function of speed, taking into account that they also have different behaviour at the output and arrival ends
of the linear motor, since they decrease more slowly at the input than at the output due to the increase in the
time constant that modifies the derivative of the function.

2.1. Equivalent circuit for LIM

The construction model of the linear motor is illustrated in Figure 2(a). As it can be seen, as the
primary moves, it interacts with another region of the liner different from the previous one and that also op-
poses the increase of penetrating magnetic flux and accumulating more flux in the air gap which affects the
performance of the linear motor as reported [17—-19]. This effect can be analyzed in Figure 2(c).
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Figure 2. (a) Motion effect of the primary coil generating eddy currents,
(b) Input and output current waveforms, (c) Flow waveform in the air gap

As the coils of the primary move, the newly generated field enters the secondary as the previous field
disappears at the output of the primary creating eddy currents in the primary [20] (see Figure 3(b)). Aligning
the reference frame with the reaction linor flux and call it d — axis, it results in A, = 0. Noting that as far as
Agr = 0 and A4, does not change, the end effect does not play any role in equivalent circuit. Since e = —igs
the entry q axis eddy current keeps A, = 0. Hence, the ¢ — axis equivalent circuit is identical to the case
of the rotary induction motor. However, the d — azis air gap flux is affected much by the eddy current since
d-axis entry eddy current in linear induction motor, 4., reduces Ag;..
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Figure 3. (a) Effective air gap MMF and (b) eddy current profile in normalized time scale.
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2.2. Magnetizing inductance reflecting the end effects

When the primary is moving, the primary MMF observed by the rail will be decreased at the entry and
be reflected in the output rail to keep the air gap in flow ( continuous). In particular, the polarity of the input
eddy current is contrary to that of the output eddy current, as they are naturally opposed to the generation and
extinction of the fields, specifically. Note that the input eddy current has a higher decay period relative to the
output eddy current, since the inductance is greater in the air gap than in the free air. The pattern of the eddy
currents is drawn in Figure 4 which is based on the standard time scale. [20].
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Figure 4. The equivalent linear motor circuits taking into account the end-effects, (a) The equivalent d-axis
circuit, (b) The equivalent g-axis circuit
Observing that the input of the d-axis of the eddy currents decreases with the time differential 7;., the
mean value of the eddy current input from the d-axis ¢4 is given by 1

; Ty
— %ﬁ —t/Tr dt 1
ie T, J, e (1)
where T, = D /v, and D, v are the motor extension and velocity. Noting that T,, = D /v is the time
for the motor to travels a point. Because the travel length for the period 7. is eqivalent to v7;. and normalizing
the motor size with v7T,. as 2 [21].

vTy DR,

O T Tt @

Notice that @ is non-dimensional yet it represents the length of the motor on the standardized time
scale.Based on this, the length of the motor is strongly influenced by the speed of the motor, so that at zero
speed, the length of the motor is infinitely long. As the speed increases, the length of the motor will effectively
decrease. Using 2, (1) can be rewritten as follows:

; Q 1—¢e @
L R R 3)

Qo Q
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The effective magnetizing current is thus decreased in such a manner that:

_ -,—Q
16} @

Q

The reduction of the magnetizing current caused by the eddy current, can, however, be justified by
changing the magnetizing inductance in a way that:

Ids — e = ids |:1 -

L, = Ln(1-f(Q)) (5)

where f(Q) = (1 — e~9)/Q [20]. As velocity tends to zero, L/, converges to L,, i.e., the LIM dynamics
becomes equivalent to the RIM dynamics as the end effect disappears. Figure 4 shows the effective air gap
MMF and the eddy current profile in normalized time scale.

2.3. Equivalent series resistor reflecting rail eddy current losses
When inflow and outflow eddy currents flow along the rail, an ohmic loss of R, will occur. Note that
the average square value of the input eddy current over the length of the motor is given by:

. 2.9 , 17 (1o
LeRMS = 55/ e " dr| =igs [2@} 6)
0

Hence, the loss caused by the entry eddy current is evaluated as [22] in 7:

.2 .2 1-— 6_2Q
Pentry = ZERMSRT = 'LdSRTT (N
Using the methodology of [22], we can assess the losses due to the eddy current by the temporal rate
of the magnetic energy change when exiting the air space of the motor. Note from 3 that the total eddy current
in the air gap is equal to i4s(1 — e~%). This flow must be eliminated in the exit rail for T}, to satisfy the steady
flow condition of the air gap. Thus, the loss due to the output eddy current is provided by 8:

L (1= @), (1- Q)
Pezit - T - ZdSRTT (8)

Adding (7) and (8), the total ohmic losses due to eddy currents in the rail are given by this loss of
power can be shown as a resistance wired in a series R, f(Q) in the magnetizing current branch. 4 the total
ohmic losses due to eddy currents in the rail are given by this loss of power can be shown as a resistance wired
in a series.

Duncan’s circuit has been developed considering velocity and power loss. It supposes uniform wind-
ing and materials, symmetric impedances per phase and equal mutual inductances. It’s based on traditional
model of three-phase, Y-connected rotatory induction motor whit linear magnetic circuit in a synchronous
reference system (superscript “e”) aligned with the linor flux. Also only longitudinal end effects have been
considered.

Duncan’s model has been adopted in order to obtain a space state representation both continuous-time
and discrete-time. Several techniques have been developed for non linear dynamics analysis in the state space.

Parameter (), function f(Q), Magnetizing Inductance Reflecting the End Effects and Equivalent Se-
ries Resistor Reflecting Rail Eddy Current Losses have been derived from circuit theory.

The @ factor is associated with the length of the primary, and to a certain degree, quantifies the end
effects as a function of the velocity v as described by (9).

DR,

Q= Tow &)

Note that the () factor is inversely dependent on the velocity, i.e., for a zero velocity the ) factor may
be considered infinite, and the end effects may be ignored. As the velocity increases the end effects increases,
which causes a reduction of the LIM’s magnetization current. This effect may be quantified in terms of the
magnetization inductance with the equation:
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where f(Q) = 175762 .

The resistance in series with the inductance L, in the magnetization branch of the equivalent electri-
calcircuitofthe d — axis, is determined in relation to the increase in losses occurring with the increase of the
currents induced at the entry and exit ends of the linor. These losses may be represented as the product of the
linor resistance R, by the factor f(Q), ie, R, f(Q) [23, 24].

From the d — ¢ equivalent circuit of the LIM, the primary and linor voltage equations in a stationary
reference system aligned with the linor flux are given by:

. ) ) dags
Ugs = Rsigs + er(Q)(st + Zdr) + d:
dogs
Ugs = Ryigs + Zz
(10)
. , , dagr | m
Ugr = Ryigr + er(Q)(st + Zdr) + W + ;U)\qr
dor
Ugr = R igr + 31;1 - gv)\dr
Due to the short-circuited secondary their voltages are zero, that is, ugq, = g, = 0.
The linkage fluxes are given by the following equations:
)\ds = Lsids + Lmidr - me(Q)(st + ’Ld?")
Ags = Lgigs + Lynigr
q q q (11)

Ad'r = L'r'id'r + Lmids - me(Q)(ids + ’Ld?")
)\qr = Lriqr + Lmiqs

To develop a state space LIM model from 10 and 11 is necessary to combine both equations. Because
q — azis equivalent circuit of the LIM is identical to the ¢ — axis equivalent circuit of the induction motor

(RIM), the parameters do not vary with the end effects and so QAgr and Las in 12 remaind it equals to 13 [6].
dt dt
digs RS+1—p . L7 i L, - 1
= - | lgs — 575 —VAdr ~F 5 7 \gr — Ugs
dt oL, | pT. | % pLiL.r " pL.L, T, " " pL, ¢
digs R, 1—p]. L., L,,m 1
= — s 7}\ r )\ r —F S
dat L)Ls T } T R T A A T A
dMgr Ly, . T 1
i R e (12)
T T
dAgr Lo, . 1 T
= 75 lds — —A r = — A r
dt T, s T T TV
dU Kf . . B FL
a = M ()\drlqs — )\quds) — MU — ﬁ
digs __ R, 1—p] . Ly Lo
. — [ﬂLs + TTf} tgs — pLsLTTU/\dT + pLsL, T, Agr + iuqs (13)
dil;;r = LTTLiQS + %U}\dr - TLT)\qT

The RIM electrical torque in an arbitrary reference frame is giving by [19], and modifying it with
relation v = 721 = 27 f; we obtain following LIM thrust force.

Jo
2 Tw,y

[w (Adsiqs - )\qsids) + (w - Wr) ()\d'riqr - )\qridr)]
in a stationary reference frame (w = 0) the thrust force becomes:

3w . .
F, = 5; P\qudr - )\drzqr] (14)
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clearing i 4, from A\grin 11

)\dr - Lm(l - f(Q))st
LT - me(Q)

igr =
clearing i,7 from A\;r in 11

i _ )\qr - Lmiqs
=
1 Lr

Substituting ¢4, and i, into 14 results in:

37rL

e 2 . L |:Adr lqs + f(Q) Aqr)\dr - 1_7f(62))\ rids:|

Lr - me(Q) LT

Then space state mechanical equation is giving by 18

dv _ Ky f(@) 1-1(Q)

) B Iy,
Adrigs + ——————<AgrAdr —
@ M [ T L = L f(@Q T T 1 LR (Q)

Y —

/\qTids M M

d/\dr

Considering short-circuited linor circuit (u4,. = 0) and solving for gets

Do BOHS@Q), 7 Rl L),

dit L —LnfQ " 7 L —Lof(Q)

Substituting the first equation of 11 into first equation of 10 results:

uie = Bt B f(Q) ~ L DD i 1L~ L f(@)

dids
dt

dt mTar A

+ L[l = £(Q)]

Clearing 74, from Ay, in 11

L Ln(- @),

Ly — Lnf(Q) L —Lnf(Q)'™

and substituting into 20 results

lgr =

Ugs = | Rs + RTf(Q)

(L L), d(@Q),
(L, —me< TR
Q)

+ {Ls — Lnf(Q) - QQ } dias

Ly, (Lm — r) df(Q)A M( )) dAar
(Lr = L f(Q))* 4t L.~ L < ) dt

substituting <5 (D‘f” in last term into above equation we obtain:

ugs = | Rs + er(Q) -

(Lr = L) df(Q)  RrLm(l=f(Q)) (L = Lrf(Q)

(LT - me(Q))2 " dt LT‘ - me(Q) Lr - me(Q)

L2,(1— f(Q))?] dias
* [LS ~ L@ =T Q) ] i

| I = L) Q) BRI (1=f@Q) |\ Ln(1=f@)7
(Lr — L f(@Q)* dt (L, —Lnf(Q) |7 Le—Lmf(@

VAgr

5)

(16)

a7

(18)

19)

(20)
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Solving for dzi‘f
digs _[Rs + R f (Q))[Lr = Ln (@) = Lo (Ly = Ln)* 42 + Bl [1 = F(Q)] [ — Lo f(Q)]
it [LsLy — Ll f(Q) — Lerf(Q) 2+ 2 Q)] L (Q) - L] @
. Lin (Lin = Ly) G2 — RoLin [1 = £2(Q)] \
[LoLy — Lo f(Q) = L L f(Q) — L2, + 212, f(Q)] L f(Q) — L,] ™"
N L[l = f(Q)] L
LiLy = LsLi f(Q) = Ly L f(Q) — L2, +2L2,f(Q) 7 "
+ Lr - me(Q) Uugs
Ler - LSme(Q) - LTLm (Q) - Lgn + ZL%If(Q) (21)

Grouping the state equations and changing the index d and q by « and /3 respectively, and omitting
the primary and secondary (linor) indexes because the voltages and currents are with respect to primary and the
fluxes are with respect to secondary, we obtain 22:

dig o Rg 1—p1l. _ Ly, Ly, 1

at LLS T } oLsL, rM“ T LsL T T oLs e

dia _ [Rs + R f(QNLr = Linf @ = Lin (L = Lun)® B2 + R Lin[L = F(Q)) (L — LS (Q)],
dt [LSLT - LSme(Q) - Lerf(Q) - L?n + 2L$nf<Q)] [me(Q> - Lr] “

Loy (L — L) WD R L, [1 - 12(Q)]

+ Ao
[LsLy — LsLimf(Q) — LrLim f(Q) — L2, + 2L, f(Q)] [Lm f(Q) — L]~
LiL; — LiLnf(Q) — LiLnf(Q) — L2, +2L2,f(Q) 7 °
+ LT - me(Q) U
LSLT - LSme(Q) - Lerf(Q) L2 + ngnf(Q) “
dXg m . T 1
R R R
1 (L,,, — L
Do o ROEAQ) 7w Rl = LIQ),
dt Lr - me(Q) T Lr - me(Q)
dv Ky , f(Q) 1 - f(Q) . B Fr,
— === | Aalg + A Ay — gl | — —V— —
it M Ly — L f(Q) 1— 5= f(Q) M- M
dt
(22)
where v is the mover linear velocity; A, and Ag are the d — axis an ¢ — axis secondary flux; ¢, and ig
are the d—axis and ¢g—awis primary current; u,, and ug are the d—axis and ¢g—axis primary voltage; T, = 1LT:

is the secondary time constant; p = 1 — LL 7 is the leakage coefficient; Ky = g’;LT’: is the force constant;

R, is the winding resistance per phase; R, is "the secondary resistance per phase referred primary; L,, is the
magnetizing inductance per phase; L, is the secondary inductance per phase referred primary; L is the primary
inductance per phase; F, is the external force disturbance; M is the total mass of the mover; B is the viscous

friction and iron-loss coefficient; 7 is the pole pitch; D is the primary length in meters; Q = £ R’ isa factor
related to the primary length, which quatifies the end effects as a function of the speed and f (Q) =1 5 is

the factor related to the losses in the magnetization branch. To discretize the state LIM model with end effects
we use the backward difference method [25] and finally we obtain an approximate discrete time version of the
LIM model 23 taking into account end effects.
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Rs 1- Ln, Lu, 1
‘ﬂ—[5+ p]Tif T T A+ —— T+ ——Tu

Ter = O pLs T, pLsL,T pLsL.T, pLs
o oy Bt RS @)[Le = Inf Q) = Lin (Le = Lm)* 242 + Ry L1 = f(@)] [Em — Lo (Q)]
Tyl = g [LsLy — LsLy f(Q) — Ly Ly f(Q) — L2, + 212, f(Q)] [Lin f(Q) — L,]

.\ Lin (Lin = L) 242 — R, L, [1 - fQ(Q)] _—
. L [1 - f(Q)] [TU N
LiL, — Ll f(Q) — L me( ) — L2, + 202 f(Q) 7" "
LT - (Q) «
+ LSLT' - LSL'"Lf(Q) L LWLf(Q) L2 + 2L$7L (Q) TUk
N =M+ 5+ ;TW;; - ?TAQ
R.(1 w 7 R, (L,, — L, o
& =AY - I LA O (_ Zﬂf}%imk — ;Tvafj + L( - me(fCS?))Tzk
Ky 1— B F
V41 = Uk + ﬁT Zt 35 + _[%AQAE‘ — ]__L;{;(fQ(Zg)AiZg — MT’Uk — MLT
T m Lr

Th+1 = T + v T
(23)
where v = v(kT) is the mover linear velocity; A = Ao (KT) and X! = A\g(kT) are the d — axis
an g — axis secondary flux; i = i, (kT) and zf = ig(kT) are the d — axis and ¢ — axis primary current;
uf = uq(kT) and uf = ug(kT) are the d — axis and g — axis primary voltage; T, = IL%—: is the secondary

time constant; p = 1 — ( LLSEL"r) is the leakage coefficient; K; = %Zﬁj is the force constant; R, is the
winding resistance per phase; R, is the secondary resistance per phase referred primary; L, is the magnetizing
inductance per phase; L, is the secondary inductance per phase referred primary; L, is the primary inductance
per phase; FT, is the external force disturbance; M is the total mass of the mover; B is the viscous friction and

iron-loss coefficient; 7 is the pole pitch; D is the primary length in meters; Q) = RT is a factor related to the

primary length, which quantifies the end effects as a function of the speed; f(Q) = I’T is the factor related
to the losses in the magnetization branch and %(Q) = % .
t=kT

3. RESULTS

Figure 5 shows the end effects on mover velocity, fluxes and currents. Figures 6, 7 and 8 show the
system 22 behavior when the frequency of input voltage vary. The steady state velocity is a periodic wave in
all cases, but when the fed frequency is lower, higher output frequency components appear. Phase portraits in
subfigures 6b, 6¢, 7b, 7c, 8b and 8c with attractive limit cycles are shown.
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Figure 8. LIM behavior with 120 H z input frequency. Mover velocity and phase portraits of some state
variables, (a) Mover velocity of LIM with end-effects, (b) Phase portrait of mover velocity vs i,
(c) Phase portrait of A\, vs i, (continue)

4. CONCLUSIONS

The continuous model of the linear induction motor (LIM) has been made considering the edge effects
and the attraction force. A laboratory prototype has been implemented from which the parameters of the equiv-
alent LIM circuit have been obtained. The discrete model has been developed to quickly obtain computational
solutions and to analyze non-linear behaviors through the application of discrete control systems. In order to
obtain the discrete model of the LIM we have started from the solution of the continuous model. To develop
the model, the magnetizing inductance has been considered, which reflects the edge effects. The model is
compared with and without considering the edge effects. The edge effects show a decreasing in the mover ve-
locity at steady state due to lose power in the magnetization. In the primary current there is an increase due the
power requirements to supply the magnetic loses. The phase portraits were developed shown high frequency
components in velocity mover with low frequencies in the supply currents.
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