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NOMENCLATURE
-7 : Matrix transposition
— 77 : Matrix symmetry

— M >0 :matrix M is positive
— sym(M) : M+ M7
diag{..} :Block diagonal matrix

1. INTRODUCTION

During the latter decennary, various searchers studied two-dimensional (2-D) systems inclusive dis-
crete and continuous adjustments have a lot of practices in engineering as though process control, digital filter,
and image processing [1]-[4]. Many important results based on LMI approach have already been reported.
Among these results, such as [5]-[16]. The main existing sources on filtering problems and disturbances are
based on the whole full frequency (EF) area, which will give several types of filtering design [15], [16]. How-
ever, most practical industrial applications work in a FF domain. So far, a few applications have been made
[17]-[24]. Thus, for this we will present new approaches to solve these problems. The primary goal of our
work is to define a fuzzy filter of discrete Fornasini-Marchesini models over FF ranges such a way that the
error model is stable and have a reduced H, FF index of a noise is established as a prerequisite. We have also
presented an example of simulation in order to exemplify the efficiency of the suggested method.
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2. PROBLEM STATEMENT

2.1. System formulation
Envisage the nonlinear FMLSS presented by:
Rule 1: if (1 (s) is MY, ... and (g(s) is M}, then,

Tntlh+l = AuZnk+1 + AuZni1k + Butn k1 + Bojtin g1k
Yngk = CiTn i+ Diun (N
Znk = Bk

where (]\;[{, e Mé) are fuzzy sets; € R" is state vector; y € R™ is measured output; z € R is a signal to
estimated; u € RP is supposed to appertain to a renowned rectangular domain €2, where is the recognized noise
signal and located in the following sets of frequencies:

Q 2 {(p,p2) RS < pr < pls pg < pp < pb;
g, p1g, 1l py € [—m, 7]} 2

Where u, 4, 1% and pb are known scalars. We describe the nonlinear system (1) employ singleton fuzzifer,
center-average and inference product by the following relation:

Tnsiher = A

1(@)Tnkt1 + A2(@) Tk + Br(@)Un k1 + B2(q)tny1,k
Unk = C(Q)Tnr+ D(q)tnk
Znk = E(q)xn,k (3)
where
A1Eq; BlEQ; . Au By
As(q) Bal(q Ao By
- 4
C(q) D(q) ;QZ(C(S» C, D 4
E(q) 0 N E; 0

In this work, a fuzzy filter is designed ie being as:
Rule : if ¢1(s) is M, ... and (p(k) is M}, then,

Tnt1h+1 = AuZipy1 +Autivik + Buynk + Baynk

2ok = Cing (5)

where &, j, is state filter vector; 2, j estimation of z, j; flu, AQZ, 311, Bzz, é’l are parameters should be
defined. We get defuzzified for system (5) is being as:

Trt1,k+1

A
2n,k = O(Q)jn,k (6)
with
Aig) Bilg) ] Au Bu
As(g) Balg) | =D hi(6(k) | An Bu )
C(q) =1 Gy
Let & i = 21, &% 7. €nk = ¥, & — Un.k» Then, the error model as shown in:
Ent1k+1 A1(@)én k1 + Br(@Qun ks1 + A2()ént1k + Ba(@)unt1,k
Enk = C(q)gn,k (8)

with
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i) - ({h(q) 0B1(q)C(q) );Bl(q):< ~ Bi(q) );Bz(q):( ~ Ba(g) >;

Ai(q) Bi(q)D(q) Ba(q)D(q)
T B . Az(q) R 0 LA _ A
AZ(q) = ( Bg(g)C(Q) Az(q) )a C(Q) ( E(Q) C(q) ) 9

We express the question of this work by: we design an appropriate fuzzy filter (6) such that a error model is
well-posed, stable satises the FF index:

sup lensllz < 72[lun g2 (10)
041 1 €12{[0,00),[0,00))

A equation is applicable of (8) knowing the following hold:

oo oo
S . b . a
e’ Z Z[(ewlfn»k’ﬂ —&nrrr1) Ensrprt — €M1 €nkp1)] > 0

n=0 k=0

oo oo
. b - b ;o a
et § [(Entihr1 — €2 &ns1) T (€2 €npr ke — Engrks1)] > 0 1)
n=0 k=0

2.2. Preliminaries
Lemma 2..1 in [25] from (12), we could get (13).

T+ MU+UTMT *
{ —MT 4+ GU veg-gr|<? 12
T+UTVU <0 (13)

Lemma 2..2 in [19] error system (8) is stable and FF in (10) is fulfilled, on condition that there are P,
P,0 < Q1,0 < Qq, satisfying.

e = 3 y Ha

C(a)"Clq) C(q)" D(q) Alg) Blo)\"( P ANQ\ [ Alq B(g
< D(q)"C(a) —~*I+D(q)"D(q) >+( I 0 ) ( O —-R ) ( I 0 > <0 (14
with
b _
Ro— (PRI e ) PO = (00 5l )i A@ = () ) )
Q = (@1 Q2 );P=Pi+PysA= ( efj’:;Izﬁ e*j‘%lgﬁ ); B(q) = ( Bi(g) Ba(q) ); (15)
( b —pt b:M’é—u%; o _ piFpt

Clg 0 ) o M5+ ps
() ’

2 2 2

3.  FF PERFORMANCE ANALYSIS
3.1. Theorem 3..1

Error model (8) is stable, FF index (10) is fulfilled, on condition that there are P, (), W7, Ws, My,
Mo, G1, Ga, Fiy, H satisfying Q1 > 0, Q2 > 0, Wy > 0, Wy > 0 and

[ (o251 Do AT((])GT — M, AT(q)GQT CT
* <I)22 BT(q)GT — M2 BT (q)Gg DT
d = * * P—-G,-GY AQ-GY¥ 0 | <o
* * * R 0
| = * * * -1
[ =W + sym(F1A1(q)) F1As(q) -+ AT(¢)THT
T = * —Wa AL (¢)THT <0 (16)
i * * Wi+ Wa — sym(q)
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11 = MiAg) + A" (M5 @12 = MiB(q) + AT () M3 5 @20 = —v°T + M2B(q) + B” (q) M3 ;

3.2. Proof 3..2
First, condition (14) maybe written as

T+N'VN <O (17)
Where
_[A@ B@]. ,_[P ANQT. ,_J[c@"Cl) C(q)"D(q)
Vo= { I } V‘{QA R }’T‘{Dwaq) 214D D) | ¥

By using Lemma 2, (17) is equivalent to

T+ MU+UTMT UTGT - M
{ ~M" +GU vog-gr | <0 (1
with
M 0] , [G o
M_|:M2 0:|’G_[G2 0] (20)

which, using Schur complement, leads to given (16). Consider the Lyapunov equation, such that

(0w, ) - (4@ A@) (MW (A ) ) >0 e
Where
U = (Ai(g) Axq) ); T:(_‘(;Vl 40% ); V=W +W, (22)
We chose F is being as:
F=1[FR o] (23)

4. FF PERFORMANCE DESIGN
4.1. Theorem 4..1
Error model (8) is stable, FF index (10) is fulfilled, on condition that there are Ali, Eli, 1212, Bgi,
Chi, Dygy My, Gou, Moy, Gy, Hyy, Fry, Vo u = 1,2,3,4,t = 1,2, P, Q15 > 0, Wig > 0, P, Q25 > 0,
Was > 0, s = 1,2, 3, satisfying.
. [ Ay Ay
AN = ; 24
| * N3 :| <0 (24)
Qi Q2 s Efizi @15 Qe

Qoz Qa3 AL Qo Qa6

*
~ * x  —Wa —Wa Qi5 ALHTL
Q = ~ A <0 25
* * * —Was  Qus AL 25
* * * * Q55 Q56
* * * ES * QGG

with
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Alu é112 Ahs All} 4115 éllﬁ |
* 0 Dy, MizAg; sym[Az]  Diyy Dayg
Ay = * * Digy A%:J'Mljzl 4135 4‘136
* * * ASTA 4145 4146 ’
* * * * DNigs Digg
* * * * * Alw |
411 412 413 §14 Ass éw Aiq 0 1
421 422 423 @24 0 @26 0 Asgs
Ay = 431 432 433 434 Ass 436 Agz7 Q
441 442 @43 444 0 446 0 -Ccr |
D51 Ds2 Dsz Asa Ass Asg Asz 0
DNe1 Doz Dez DNea DNes  Nes AT
[ A311 é312 4313 4314 é315 é316 0 0 1
* As,y 4323 4324 A325 A326 0 0
* * A333 A334 0 0 0 0
As = * * * Ns,, 0 0 0 0
* * * * AV 4355 0 0
* * * * * A3y 0 0
* * * * * * —I 0
| * * * * * * * -1 ]

Qs = Fi1As;; Qos = Fi2Az; Q35 = A2TjH1T1; Qus = AzTiETQ A122 = sym[fh,-]; A133 = S?Jm[EA%'];
AZIG = ATJG%:I, A288 = D;T — ﬁ;r, A217 = C;T, AZSS = —CA’;T; Algg = sym[MlgAgj]; A237 = CJT,
Alll = Sym[M11A1j]; A112 = AEME; —+ EAli; A113 = M11A2j —+ AEM%, Alm = A;Mﬂ —+ EAQ»L';
A115 = MunBi+ A1T3M2T1 + EBy; Alm = M1 B2; + A{]MEQ + EBy;; A125 = Mi2B1; + Bui;

Ai,s = MiaBaj + Boi; A1, = MisByj + AszMleé Avye = M1 Baj + BEMQE
A136 = Mi3B2j + A%;MQTQ; 5145 = M14B1; + EBy; A146 = M14Bs;; A155 =T+ sym[M21 Bujl;
Aigs = =T+ sym[MasBsjl; Aui = AT;G1y — Mus; Ao = AT;GL, — EV; Avg = A;Gay;

A14 = AﬂGgg, A15 = A,{]Gg:g, Alﬁ = A,{JG%;, Azl = A’ﬂET - M12; AQQ = A’ﬂ - V;

A23 = ACI[;‘ET§ A24 = Arirw Azts = AEET; A31 = Aréercﬂ — Mis; A32 = AéFjGipz;

Ass = A3;G3; Dsa = A3;Gy; Ass = A3;Gog; Dsg = A3;Gay; Ay = ALE" — My,

AQQ = Ag; — V; Agg = A;’ET; A24 = Ag;, AQG = A;ET;

Asi = BEG1T1 + BiET — May; Asp = B1TjGFiF2 + B@f“ Ass = BTJ‘G; + B1T¢ET§ Asy = BﬂGsz + B1Tw

Ass = B;G3s; Asg = Bl;G34 + BLE"; Aey = B3;G1) — Maz; Ag2 = B3,G1s + By

Nes = ngGgl + BLE"; Aes = B2TjG2T2 + Byi; Nes = ngG2T3§ Aes = ngGg;L + By, E";

Asy, = Pu+Pu—Gi—Giy; Asyy = eTMEQy — Gy As,, = Pia+ Paa — EV — G3y;
Az, = eij”ngz - G3; A315 = eij”‘g’Qm - G33; Asw = eijquzz — G34;
Asyy = P4 Py —V-VT; A323 = €_jHZQ2T1 ~VTE"; As,, = e_jHZle -vT ASQ{, = e_jHZQ2T2;

A326 = e_jHZQQ?) - VTET? A333 =—Pun— QCOS(MS)QH? A33.4 =—Pi2 — 2005(Mg)Q125
Az, = Piz— 2005(#3)@13; D3y = —Po1 — 2cos(15)Qa1; N3y = —Paz — 2c05(115) Qa2;

Nzge = —Paz— 2cos(,ul§)Q23;ng = —-Wis + AlT]Ff; + EBAy; Q= -Wi + sym(F11A1j);

Qo = Wiz +sym(An); Qs = —Fi + A{jHlTl; Qe =—EV + A’{jH?Q; Qo5 = —Fi2 + ALET,

Qs = AL, —V; Q55 = Wiy 4+ War — sym(Hui); Qs6 = Wiz + Was — EV — Hiy;

Qes = Wis+Was—sym(V); E=[1 0 ]T
The following parameters as.

Ay = VYA Ay =Vl Ay By =V By By =V By € = Ci (26)
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4.2. Proof4.2

Parameterise slack matrices M7, Ms, G1, Go, F; and H in Theorem 3..1 as.

My V G V
o My V . o Ga V . _ My O . o Gin V i

M1 — M13 0 7G2_ G23 0 7M2_|:M22 O:|7G1_|:G12 V:|7
My V Gay V
Fn VvV _ | Hu V

F {Fm V}’H*[ng V} @7

4.3. Remark 4..3
If we take Q.,, = diag{Qmn, Qmv} = 0, m = 1,...,3, we can employ theorem 3 to settle the H,

filter for FMLSS nonlinear 2-D systems in EF range.

5. NUMERICAL EXAMPLE
Consider a 2D discrete-time model, given by [19].
Rule 1: if (1 (s) is M1, Ca(s) is M3, then,

Tn+ik+1 = AniTnk+1 + A21Tnt1,k + Biitn,k+1 + B21Un+1,k
Yn,k = Clxn,lc + Dl”n,k;
Zn,k = Elxn,k (28)

Rule 2: if ¢1(s) is M2, C2(s) is M3, then,

Tntik+1 = A12Tn k1 + A22Tnp1k + Brotn,k+1 + Bootnt1k
Yn,k = 023771,16 + D2un,k;
Zn,k = El.’rmk (29)
with
0.1 —02 025 0.1 03 —02 025 0.1
A= { 0.2 0.1 } Az = { —0.05 0.3 ] Az = [ -0.2 03 ] Azz = [ —0.05 0.5 }
0.1 0.1 0 0
Bu = { 0.25 }; B> = { 0.4 }; D1 =Dz =018 = { 0.28 } B2 = [ 0.2 }; By =B =01
Ci = Co=[0 1] (30)

The normalized membership function:

1 1

@ (Gnk) = 1- T+ op(—20Con = 3)) a2(Cn k) = T+ op(—20Con = 3)) 3D

Suppose that the FF domain of disturbance input signal is [§, 7] x [, §]. Via using Theorem 4, the
obtained matrix parameters of FF H, filter are the following:

A - 0.1454 —0.1092 ] 5 _ [ —03219 ] 4 [ 02454 —00738 ] » [ —0.0023 ],
o= 0.0638 —0.2298 '~ = | 0.0002 |’ 7 | 0.0010 —0.0974 |’ T | —0.1105 |’

A - —0.1527  0.7145 ] 5 [ —01504 ] 4 [ —0.0101 08745 ] o [ —0.0017 |
2= 0.0305 —0.2105 [’ 7| 00204 |>“* 7| 0.0174 —0.0202 [>7*2 7| 0.0201 |’
Ci = [ —1.9560 0.4749 |; Co=[ —1.9560 0.4749 ]; 32)

The comparison result with the technique proposed in Theorem 4..1 Illustrate in Table 1, that indicate
the little conservation of the method suggest in the paper. Figures 1-3 indicate the path of states filters vectors
21, &2 and filtering error system of e, j, respectively. From Figures 1-3, also, we could notice whether the
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error model is stable, knowing that the initial Condition are null, we can work out % = 0.2205. So, the

condition (10) is fulfilled, that signify that the error system get a specific H, index (y = 0.2357).

Table 1. H, performance apply from various approaches

Frequency domain Methods o7
[0;7] x [0;7) Theorem 6 in [26] 1.7302
[0;7] X [0;7) Theorem 3.4 (Q=0) in [19] Inf
[0;7] x [0;7) Theorem 4..1 (Q=0) 0.6321
%; %} X [%; %] Theorem 3.4 in [19] 0.6000
(5 31 x[5; 7] Theorem 4..1 0.2357

state filter vector x1
state filter vector x2

i i i i

Figure 1. Trajectory of state filter vectors &1 Figure 2. Trajectory of state filter vectors o

e(i)
S

-0.2

-0.3
80

Figure 3. Error ey, j

6. CONCLUSION

This work, we dealt with problematic for the FF design of FMLSS nonlinear 2-D systems over FF
ranges. We have suggested a filter process in order to minimize the conservatism design using the frequency
information of the disturbances and we have assumed that the disturbances are known in a recognized FF do-
main. Also, systematic techniques have been suggested for the generation of a filtering which ensures asymp-
totic stability and FF H, index, at the basis of a more general linearization procedure.

Improved filtering H . finite frequency of Takagi-Sugeno fuzzy systems (Rim Mrani Alaoui)
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